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We study the geometrical commensurability oscillations imposed onto the resistivity of 2D elec-
trons in a perpendicular magnetic field by a propagating surface acoustic wave (SAW). We show
that, for ω < ωc, this effect is composed of an anisotropic dynamical classical contribution increasing
the resistivity and the non-equilibrium quantum contribution isotropically decreasing resistivity, and
we predict the appearance of zero-resistance states associated with geometrical commensurability
at large SAW amplitude. We also describe how the commensurability oscillations modulate the
resonances in the SAW-induced resistivity at multiples of the cyclotron frequency.
High-mobility two-dimensional electron gases (2DEGs)
display interesting effects under intense microwave irra-
diation [1, 2, 3, 4, 5, 6, 7] or the influence of surface
acoustic waves in the microwave frequency range [8, 9].
One class of effects is induced magneto-oscillations that
originate from the geometric commensurability between
the cyclotron radius Rc and the period 2π/q of spatially
periodic perturbations [10], which has been observed in
statically modulated 2D systems [11, 12, 13]. This effect
was recently studied in the attenuation and renormal-
ization of surface acoustic wave (SAW) velocity due to
interactions with electrons [9, 14] and in the drag effect
[14]. For a spatially periodic propagating field of the
SAW, the commensurability effect can also be viewed as
the resonant SAW interaction with collective excitations
of 2D electrons at finite wavenumbers [9, 15], enabling
one to excite modes otherwise forbidden by Kohn’s the-
orem [16].
In this Letter, we study the non-linear dynamical effect
in which SAWs induce changes in the magneto-resistivity
of a high quality electron gas in the regime of classically
strong magnetic fields, ωcτ ≫ 1 and high temperatures
kBT ≫ ~ωc. We show that the resistivity changes re-
flect both frequency and geometrical resonances in the
surface acoustic wave attenuation and are formed from
two competing contributions.
The first contribution originates from the SAW-
induced guiding center drift of the cyclotron orbits – a
purely classical effect. For a SAW with frequency ω, and
wavenumber q, propagating in the x direction with speed
s = ω/q, there is an anisotropic increase in the resistiv-
ity ρxx (at high fields ωcτ ≫ 1, this is equivalent to an
increase of conductivity in the transverse direction σyy),
which oscillates as a function of inverse magnetic field
when the Fermi velocity vF ≫ s. We show that at ω & ωc
the resistivity change displays resonances at multiples of
the cyclotron frequency ω ≈ Nωc.
The second contribution arises from the modula-
tion of the electron density of states (DOS), γ˜(ǫ) =
[1− Γ cos (2πǫ/~ωc)] γ (where γ = m/π~
2), and con-
sequently, from the energy dependence of the non-
equilibrium population of excited electron states caused
by Landau level quantization. We follow the idea pro-
posed in Ref. [6] to explain the formation of zero-
resistance states [1, 2, 4] under microwave irradiation
with ω & ωc. We show that in the frequency range
τ−1 . ω . ωc the quantum contribution suppresses re-
sistivity both in ρxx and ρyy and persists up to tem-
peratures kBT ≫ ~ωc and filling factors ν ≫ 1 where
no Shubnikov-de Haas oscillations would be seen in the
linear-response conductivity.
When τ−1 . ω ≪ ωc, the commensurability oscilla-
tions take the form
δρxx
ρxx
≈
δσyy
σxx
= 2J20 (qRc) E
2
[
v2F
s2
−
τ in
τ
(2πΓν)2
]
,
δρyy
ρxx
≈
δσxx
σxx
= −2J20 (qRc) E
2 ×
τ in
τ
(2πΓν)
2
, (1)
with E = eascrE
SAW
ωq /ǫF , E
SAW
ωq the SAW longitudinal
electric field, ascr = χ/2πe
2γ the 2D screening radius, ǫF
the Fermi energy, τ and τ in the momentum and inelastic
relaxation times [17], and ν = 2ǫF /~ωc the filling factor.
The geometrical oscillations in Eq. (1) are described by
the Bessel function J0. For different sample parameters
and measurement conditions, the observed oscillatory
change in the resistivity can be dominant in the SAW
propagation direction [for η ≡ (2πΓνs/vF )
√
τ in/τ < 1],
isotropic [η ≫ 1], or only in the component perpendicular
to the SAW wavevector [if η ≈ 1].
We now present our detailed analysis, starting with the
dynamical classical contribution. At high magnetic fields
ωcτ ≫ 1, the resistivity change δ
cρxx can be tracked back
to the SAW induced drift Y (t) (along the y-axis) of the
guiding centre of an electron cyclotron orbit [12] and the
resulting enhancement of the transverse (y-) component
of the electron diffusion coefficient,
δcρxx
ρxx
=
δDyy
Dyy
∼
〈Y 2〉/τ
R2c/τ
=
〈(
Y
Rc
)2〉
.
The drift is caused by an electric field Eωq cos(qx−ωt+
φ)xˆ, with x(t) = Rc sin (ωct− ψ). Between two impurity
2scattering events the guiding centre is displaced by
Y (t) ∼
eEωq
mωc
∫ t
0
dt˜ cos
[
qRc sin(ωct˜− ψ)− (ωt˜− φ)
]
.
A particular guiding centre displacement Y (t) depends
on the initial phase ψ of the electron revolution along
the cyclotron orbit and the phase φ of the SAW field
which change randomly each time electron scatters form
impurities, ifRc > 2π/q, thus leading to a random change
in the value and direction of Y . The mean square value
of such a displacement (averaged over ψ, φ and the drift
time between two scattering events),
〈Y 2〉 =
∫ ∞
0
dt
τ
e−t/τ
∫ 2π
0
∫ 2π
0
dψ
2π
dφ
2π
Y 2(t), (2)
can be used to obtain the frequency and wave number
dependence of the effect,
δcρxx
ρxx
= 2 (qlE)2
∞∑
N=−∞
J2N (qRc)
1 + (ω −Nωc)
2 τ2
, (3)
where E = eascrE
SAW
ωq /ǫF and l = vF τ . Equation (3)
includes the Thomas-Fermi screening of the SAW field by
2D electrons, Eωq = qascrE
SAW
ωq . A typical change in the
magnetoresistance δcρxx for the regime qRc ≫ ω/ωc & 1
(possible at normal electron densities for which vF ≫
s) is illustrated in Fig. 1 and compared with the Weiss
oscillations in a static potential.
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FIG. 1: Magnetoresistance for both static (ωτ = 0) and dy-
namic (ωτ = 20) modulations of the 2DEG, for ql = 600, and
E = 0.01 (l = vF τ is the mean free path). Both the cyclotron
harmonics and the geometrical commensurability oscillations
are visible for these parameters.
There are a sequence of resonances at integer multiples
of the cyclotron frequency, ω ≈ Nωc. The oscillations for
even harmonics are in phase with the Weiss oscillations
of the static potential, whilst those of odd harmonics are
π out of phase. This is because the main contributions
to the drift occur when the electrons are moving parallel
(or anti-parallel) to equipotential lines. For odd harmon-
ics the phase of the potential at the half-orbit point is
opposite to that for a static potential, and hence can-
cellation and reinforcement effects that lead to minima
and maxima in the resistance are interchanged. In the
regime ωcτ ≫ 1, the resonances are very narrow and ap-
pear to display a random sequence of heights, reflecting
the dependence on the geometric resonance conditions.
In the intermediate frequency domain, τ−1 ≪ ω ≪
ωc, a natural regime for GaAs structures with densities
ne & 10
10cm−2 at sufficiently high magnetic fields, the
classical oscillations take the form
δcρxx
ρxx
≈
2v2F
s2
E2J20 (qRc). (4)
Due to the competition between electron screening effects
(∝ q2), the dynamical suppression of commensurability
by the SAW motion (∝ ω−2), and the relation ω/q = s,
the form of these oscillations is independent of the abso-
lute value of the SAW frequency, provided that conditions
τ−1 . ω and vF ≫ s are satisfied.
The dynamical mechanism just described dominates
in a classical electron gas. No redistribution of electron
kinetic energy (due to SAW absorption) will additionally
change the magnetoresistance until the 2DEG is heated
to a temperature kBTe & ~ωckF /q where geometrical
oscillations become smeared. The essential assumption
leading to this statement is that electron single-particle
parameters (velocity and τ−1) vary slowly with energy at
the scales comparable to the Fermi energy and can thus
be approximated by constants.
To demonstrate this point, we analyze the classical
kinetic equation for a 2DEG at temperature kBT .
~ωckF /q irradiated by SAWs. We solve the kinetic equa-
tion for the electron distribution function,
f(t, x, ϕ, ǫ) = fT +
∑
ωq
e−iωt+iqx
∑
m
fmωq(ǫ)e
imϕ, (5)
using the method of successive approximations. Here,
fT (ǫ) is the homogeneous equilibrium Fermi function,
and the angle ϕ and kinetic energy ǫ parametrize the elec-
tron state in momentum space. Each component fm de-
scribes them-th angular harmonic of the time- and space-
dependent non-equilibrium distribution. To describe lo-
cal values of the electron current and the accumulated
charge density, we use the energy-integrated functions,
gmωq =
∫∞
0
dǫfmωq. The relaxation of the local non-
equilibrium distribution towards a Fermi function char-
acterized by the value of local Fermi energy, ǫF (t, x) (de-
termined by the local electron density n(t, x) ∝ g0(t, x) =∫∞
0
dǫf0(t, x), where f0(t, x) =
∫ dϕ
2π
f(t, x)) is described
in the relaxation-time approximation by
Lˆf = −
f − f0
τ
−
f0 − fT (ǫ− ǫF (t, x))
τ in
, (6)
3Lˆ = ∂t + v cosϕ∂x +
[
ωc −
eE
p
sinϕ
]
∂ϕ + evE cosϕ∂ǫ,
where we distinguish between the elastic scattering rate
τ−1 and energy relaxation rate τ−1in . The electric field E
in Eq. (6) is the combination of a homogeneous DC field
E00 and the screened electric field of the SAW, E(t, x) =∑
ωq Eωqe
iqx−iωtxˆ, found from the unscreened SAW field
via Eωq = E
SAW
ωq /κ(q, ω), where κ(q, ω) is the dielectric
function of the whole 2D structure.
The dynamical perturbation of the distribution func-
tion can be found from time/space Fourier harmonics of
Eq. (6) at the frequency/wave number of the SAW,
[∂ϕ +
1
ωcτ
− i
ω
ωc
+ iqRc cosϕ]fωq = Ψ(ϕ), (7)
Ψ = −
g0ωq
ωcτ in
(∂ǫfT ) +
τ−1 − τ−1in
ωc
f0ωq
−
eEωq
ωc
[v cosϕ∂ǫ −
sinϕ
p
∂ϕ](f00 + fT ),
where we include the unknown perturbation of the
time/space averaged function, f00, related to the DC cur-
rent to lowest order in Eωq. Equation (7) can be formally
solved using the Green function G(ϕ, ϕ˜)
fωq(ϕ) =
∫ ϕ
−∞
G(ϕ, ϕ˜)Ψ(ϕ˜)dϕ˜, (8)
G(ϕ, ϕ˜) = e[
1
ωcτ
− iω
ωc
](ϕ˜−ϕ)+iqRc[sin ϕ˜−sinϕ] , (9)
which allows for an infinite range of variation of ϕ whilst
guaranteeing periodicity of the solution fωq(ϕ).
Thomas-Fermi screening of the SAW field is produced
by the density modulation nωq = γg
0
ωq via the induced
field Eindωq = −
i2πeq
χ|q| γg
0
ωq , so that Eωq = E
SAW
ωq + E
ind
ωq .
In the analysis of screening, the DC part of the electric
field can be ignored (f00 = 0), and self-consistency yields
g0ωq =
eEωq
iq
1− (1 − iωτ )K
1−K
, (10)
K =
∫ 2π
0
dϕ
2π
∫ ϕ
−∞
dϕ˜
ωcτ
G(ϕ, ϕ˜)
=
∞∑
N=−∞
J2N (qRc)
1 + iτ(Nωc − ω)
(11)
where K(ω, q) obeys the relations K(ω, q) =
K∗(−ω, q) = K(ω,−q) and is obtained from Eqs. (8,9)
using the identity eiz sinϕ =
∑∞
N=−∞ JN (z)e
iNϕ, and
κ = 1 +
1
ascr|q|
1− (1− iωτ )K
1−K
. (12)
To find the steady state current, we analyze the
time/space average of the kinetic equation in Eq. (6)
and take into account the dynamical perturbation fωq,
[∂ϕ +
1
ωcτ
]f00 −
τ−1 − τ−1in
ωc
f000 +
ev ·E00
ωc
∂ǫfT
= −
∑
ωq
eE−ω−q
ωc
[v cosϕ∂ǫ −
sinϕ
p
∂ϕ]fωq. (13)
We substitute the solution Eq. (8) into Eq. (13), keeping
track of the effect of the perturbation of the time/space
averaged function f00 on fωq. We thus include SAW-
induced non-linear effects. We multiply Eq. (13) by
(2ωc/v)e
−iϕ, integrate with respect to ǫ and ϕ, then use
the relation between the x and y components of the DC
current, jx − ijy = eγvF g
1
00 and the harmonic g
1
00 (note
that electrical neutrality requires g000 = 0), to get
2ωc
ev2
F
∫
dϕ
2π e
−iϕ
∫
dǫ
{
[∂ϕ +
1
ωcτ
]vf00
+
∑
ωq
veE
−ω−q
ωc
[v cosϕ∂ǫ −
sinϕ
p ∂ϕ]fωq
}
= jx
v2
F
τe2γ/2
× 12
∑
ωq
∣∣∣ leEωqǫF
∣∣∣2 K1−K+
+
(
iωcτ+1
v2
F
τe2γ/2
)
[jx − ijy] = E
x
00 − iE
y
00,
which can be used to determine the SAW induced change
of the resistivity tensor, δcρˆ. The relation between the
electric field and current is E = ρˆ j + δcρˆ j, where ρˆ is
the Drude resistivity tensor, thus we find the resistivity
corrections
δcρxx
ρxx
=
1
2
∑
ωq
∣∣∣∣elEωqǫF
∣∣∣∣
2
Re
{
K
1−K
}
, (14)
δcρyy = 0,
δcρyx
ρxx
=
δcρxy
ρxx
= −
1
2
∣∣∣∣ leEωqǫF
∣∣∣∣
2
Im
∑
ωq
K
1−K
= 0,
which, with the use of Eωq = E
SAW
ωq /κ(q, ω) and Eq. (11),
yields the result in Eq. (3).
The magnetic field dependence of the resistivity change
reflects the form of the SAW attenuation by the 2D elec-
trons determined by the real part of the longitudinal dy-
namical conductivity σωq,
Reσωq = γs
2τe2Re
{
K
1−K
}
. (15)
The finite wavenumber q > 8ascr/R
2
c of the SAW allows
the system to bypass Kohn’s theorem and generates ab-
sorption resonances at [18] ω = Nωc +∆N (q),
〈E · j〉 =
γ
∣∣eqascrESAWωq ∣∣2 s2τ
1 + τ2 (ω −Nωc −∆N )
2 J
2
N (qRc).
Absorption of SAWs by the 2D electrons changes their
steady state distribution over energy, though for energy-
independent characteristics this does not lead to addi-
tional changes in magnetoresistance beyond those de-
scribed in Eq. (4). However, Landau level quantiza-
tion, which is unavoidable in a phase-coherent electron
4gas when ωcτ ≫ 1, gives rise to the quantum con-
tributions to the geometrical commensurability oscilla-
tions which persist up to high temperatures. The os-
cillatory energy-dependence of the electron DOS, γ˜(ǫ) =
[1− Γ cos (2πǫ/~ωc)] γ, imposes oscillations on the elec-
tron elastic scattering rate, τ−1(ǫ) = τ−1γ˜/γ, and the
contribution to the observable conductivity [5],
S(ǫ) ≈ σxxγ˜
2/γ2, σ =
∫
dǫ S(ǫ)[−∂ǫf
0
00].
At low temperatures, kBT . ~ωc, the DOS oscillations
lead to Shubnikov-de Haas oscillations in conductivity.
At high temperatures kBT ≫ ~ωc, thermal broadening
smears out oscillations, but the quantum contribution
can remain in non-linear effects after energy averaging.
It was shown in Ref. [6] that the electron energy dis-
tribution acquires an oscillatory part via the availability
of final states for energy absorption processes. When
the electron gas is excited by SAWs, carriers are redis-
tributed between energy intervals with varying transport
efficiencies, changing the overall resistivity of the 2DEG
in proportion to the SAW attenuation. We extend the
study of the balance equation performed in Refs. [5, 6]
for the non-equilibrium electron distribution (at ω & ωc)
to low-frequencies ω ≪ ωc [19], where it has the form
∑
±ωq
|Eωq|
2 σωq
γγ˜
∂ǫ
[
γ˜2
γ2
∂ǫ
(
f000 + fT
)]
=
f000
τ in
.
The solution of this equation splits into smooth and os-
cillatory energy-dependent parts, f000 =
〈
f000
〉
ǫ
+ δf0(ǫ).
Here, 〈· · ·〉ǫ stands for averaging over a small energy scale
∼ ~ωc. To lowest order in |Eωq|
2
, the oscillatory part is
δf0 = τ in
∑
±ωq
|Eωq|
2 σωq
γγ˜
∂ǫ
[
γ˜2
γ2
∂ǫfT
]
,
where σωq is the longitudinal component of classical non-
local conductivity given by Eq. (15) and τ−1in ≪ τ
−1. We
thus estimate the SAW-induced change in the conductiv-
ity, δqσxx =
∫
dǫ δf0 (∂ǫS), as
δqσxx = τ inσxx
∑
±ωq
|Eωq|
2 σωq
γ5
∫
dǫ∂ǫ
[
γ˜2∂ǫfT
] (
∂ǫγ˜
2
)
.
In the latter expression, the oscillatory energy de-
pendence of the DOS, which is enhanced by differenti-
ation, ∂ǫγ˜ = γΓ (2π/~ωc) sin (2πǫ/~ωc), appears under
the square, so that its averaged broad thermal smear-
ing gives
〈
(∂ǫγ˜)
2
/γ2
〉
ǫ
= 12 (2πΓ/~ωc)
2
. This results in
a non-vanishing addition to both diagonal components
of the conductivity (and, therefore, also of the resistiv-
ity) even when kBT ≫ ~ωc. This generates isotropic
magneto-oscillations
δqραα
ρxx
=
δqσαα
σxx
= −
2τ in
τ
∣∣∣∣4πΓǫF~ωc
∣∣∣∣
2
E2J20 (qRc) , (16)
in addition to the anisotropic classical commensurability
effect and, together, they yield the result in Eq. (1).
In conclusion, we have demonstrated a new class of
magnetoresistance oscillations caused in a 2DEG by
SAW. We have shown that the effect consists of con-
tributions with competing signs: (i) a classical geomet-
ric commensurability effect analagous to that found in
static systems with positive sign, and (ii) a quantum
correction, with negative sign. The latter result sug-
gests that SAW propagation through a high mobility elec-
tron gas may generate a sequence of zero-resistance states
(ZRS) linked to the maxima of J20 (qRc) for strong enough
SAW fields. Whilst this prediction concerns the low-
frequency domain ω . ωc, such ZRS would be formed
via the same mechanism [4, 6] as the microwave-induced
ZRS at ω & ωc. A large enough SAW-induced change
|δσxx| > σxx resulting in negative local conductivity
would require formation of electric field/Hall current do-
mains. Since the anisotropy in Eq. (1) suggests that such
conditions can be achieved the easiest in the conductiv-
ity component along the SAW wavevector, we expect that
domains would form with current flowing perpendicular
to the direction of SAW propagation, and their stability
would depend on the sample geometry [20].
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